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Starting from an isotropic configuration of intersecting, two-dimensional toric codes, we construct
a fracton topological phase introduced in Ref. [26], which is characterized by immobile, point-
like topological excitations (“fractons”), and degenerate ground-states on the torus that are locally
indistinguishable. Our proposal leads to a simple description of the fracton excitations and of the
ground-state as a “loop” condensate, and provides a basis for building new 3D topological orders
such as a natural, ZN generalization of this fracton phase, which we introduce. We describe the rich
phase structure of our layered ZN system. By invoking a lattice duality, we demonstrate that when
N ≥ 5, there is an intermediate phase that appears between the decoupled, layered system and the
fracton topologically-ordered state, which opens the possibility of a continuous transition into the
fracton topological phase. We conclude by presenting a solvable model, that interpolates between
the fracton phase and a confined phase in which the phase transition is first-order.
Topological phases of matter have been a subject of ac-
tive interest in condensed matter physics. The emergence
of local conservation laws in certain quantum many-body
systems leads to a convenient, low-energy description of
the system as a gauge theory, which captures the behav-
ior of a wide range of topological phases ranging quantum
Hall states to quantum spin liquids [1–13]. The long-
ranged entanglement in the degenerate, locally indistin-
guishable ground-states of a topological phases have led
to proposals for their use as platforms for universal quan-
tum computation [14–18].
In recent years, new kinds of gapped topological phases
have been discovered in three spatial dimensions by
studying exactly solvable models [19–24]. A general fea-
ture of these topological phases is the presence of cer-
tain point-like topological excitations which are created
at the corners of operators with support on fractal- or
membrane-like regions. These excitations are strictly im-
mobile at zero temperature, as no local operator can
move a single excitations without creating additional
gapped excitations in the system. This is in contrast to
the behavior of point-like charges in discrete gauge the-
ories, which may be created at the ends of Wilson lines
and behave like mobile particles. As the point-like exci-
tations in these exotic topological phases appear either as
fractions of topological excitations with restricted mobil-
ity or at the corners of operators with support on a frac-
tal region of the lattice, they are referred to as “fractons”
[26]. Apart from providing an exotic alternative to Fermi
or Bose statistics in three dimensions, fracton topolog-
ical orders are of interest for studying clean quantum
systems with “glassy” dynamical behavior [19, 29], and
for building robust quantum memories such as Haah’s
code [22, 25]. The phenomenology of fracton topological
phases is thoroughly reviewed in Ref. [24, 26].
Recently, it has been shown that gapped fracton topo-
logical phases may be understood through a generaliza-
tion of conventional lattice gauge theory for interacting
quantum systems that have an extensive set of global
symmetries (e.g. planar symmetries) [26]. As a conse-
quence, fracton topological phases may be obtained as
the quantum dual of these interacting systems. This
provides a generalization of the well-known Wegner dual-
ity in (2+1)-dimensions that relates symmetry-breaking
phase transitions to the confinement transition of con-
ventional lattice gauge theories [1]. Furthermore, this
generalized lattice gauge theory has been used to find
new fracton topological phases of bosons and fermions
[24, 26], and to find exotic, interacting systems with frac-
tal symmetries such as the dual of Haah’s code [26, 27].
Recently, certain gapless phases that have gapped, charge
excitations with reduced mobility have also been found
in “higher-rank” U(1) gauge theories [28].
In this work, we introduce a new construction of a
fracton topological phase introduced in Ref. [26] which
yields an intriguing connection between two-dimensional
topological orders and exotic three-dimensional topolog-
ical phases that have excitations with reduced mobility.
The starting point for our construction is an isotropic
configuration of inter-penetrating, two-dimensional (2D)
toric codes [14]. We demonstrate that condensing appro-
priate excitations in the layered system – termed “com-
posite excitations” – can lead to (i) three-dimensional Z2
topological order, (ii) a fracton topological order known
as the “X-cube” phase [26], whose phenomenology we
thoroughly review, or (iii) a topologically trivial para-
magnetic state. Condensing composite excitations effec-
tively binds the charges or fluxes of the two-dimensional
toric codes, resulting in an emergent topological excita-
tion with reduced mobility. Our proposal also gives rise
to a “loop-gas” picture for the ground-state wavefunc-
tion of fracton topological phases, as well as a simple
understanding of the origin of the immobile excitations,
which opens a possible route for constructing other ex-
otic, three-dimensional topological orders.
We present a natural generalization of this procedure
that yields a new, ZN analog of the X-cube phase, before
turning our attention to the rich phase structure of this
microscopic model. Our results are summarized in the
schematic phase diagrams in Fig. 8a and b. Of impor-
tance is a lattice duality between certain phase transi-
tion(s) into the fracton topological phase and a confine-
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2D Toric Code Layer
Intersecting 2D Toric Codes
FIG. 1. Intersecting Layers of 2D Toric Codes: A
stack of two-dimensional, square-lattice toric codes in the xy
(green), yz (red) and xz (blue) directions, which intersect at
sites. The resulting three-dimensional cubic lattice has two
spins per link (σ, µ) as shown. A single layer of the square-
lattice toric code is shown as well, with the “star” and “pla-
quette” operators defined as shown.
ment transition in a conventional (3+1)-d ZN gauge the-
ory driven by the condensation of ZN flux loops. From
this duality and from the well-known phase structure of
ZN gauge theories, we determine that when N ≥ 5, there
must be an intermediate phase between the decoupled
layers and the fracton topological phase, with an emer-
gent U(1) gauge symmetry. While we believe this phase
is generically gapped and topologically trivial, we deter-
mine that this phase remains gapless along a specific line
of the phase diagram, along which the phase transition
into the fracton topological phase is believed to be con-
tinuous. This opens the possibility of a continuum field
theory description of this particular fracton topological
phase, which we leave to future work [62] to explore.
We conclude by presenting a solvable projector model in
which the transition from the fracton topological phase
to a trivial confined phase is first order, though this may
not capture the generic behavior of this transition.
I. ISOTROPIC LAYER CONSTRUCTION
We begin by introducing the microscopic model for
our layer construction, before analyzing its rich phase
structure and the emergence of fracton topological order.
Consider a single layer of the two-dimensional (2D) toric
code on the square lattice [14], which describes the zero-
correlation length limit of the deconfined phase of two-
dimensional Z2 gauge theory. The Z2 gauge field lies on
the links of the square lattice, and at each lattice site and
plaquette, there are four-spin operators that measure the
Z2 charge and flux, respectively (the so-called “star” and
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FIG. 2. Z2 charge & flux operators for the decoupled
layers: The locations of the (a) Z2 charge and (b) Z2 flux
operators at each site of the three-dimensional cubic lattice
for the decoupled, intersecting layers of two-dimensional toric
codes; each charge or flux operator is oriented along the xy
(green), yz (red), or xz (blue) planes.
“plaquette” operators), as shown in the inset in Fig. 1.
We take as our convention that a star operator is given
as the product of the x-component of the Pauli spins,
while a plaquette operator involves a product of the z-
component.
We now place L copies of the square-lattice toric code
in the xy, yz, and xz planes, respectively; any three mu-
tually orthogonal planes intersect at a single site of the
2D square lattice. As shown schematically in Fig. 1,
this intersecting, three-dimensional arrangement of the
toric codes forms a three-dimensional (3D) cubic lattice
with L3 sites and two spins per link. The 2D Z2 charge
operators lie at the sites of the cubic lattice while the
Z2 flux operators lie at plaquettes. Initially, different
copies of the 2D toric codes are completely decoupled,
and the Hamiltonian for the full system in terms of the
two species of spins (σ and µ) at each link may be written
in the form
H0 = −J
∑
r
∑
j= xy, yz, xz
[
A(j)r + B
(j)
r
]
(1)
where the sum is over the sites r on the cubic lattice.
Here, A
(j)
r is the four-spin star operator at site r which
measures the Z2 charge along the copy of the square-
lattice toric code that is oriented along the jth plane
(with j = xy, yz, or xz). We associate three plaque-
tte operators B
(j)
r with each site of the cubic lattice,
which measure the elementary Z2 flux through an ele-
mentary plaquette oriented in the jth plane. The star
and plaquette operators in the 3D cubic lattice are shown
schematically in Fig. 2. All of the operators in Htoric
mutually commute, and the ground-state may be writ-
ten exactly as an equal-amplitude superposition of closed
electric-charge loops within each plane. The topological
degeneracy D is simply log2D = 6L after imposing peri-
odic boundary conditions. The topologically-degenerate
ground-states are locally indistinguishable, so that the
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FIG. 3. Composite Charge Condensation: The operator
σzss′µ
z
ss′ , when acting on the ground-state |Ψdecoupled〉 of the
decoupled, two-dimensional toric codes, creates four electric
charge excitations, two in each of the orthogonal planes that
meet at the link, as shown. Condensing this composite charge
excitation leads to a three-dimensional Z2 topological phase.
2D Z2 topological order of the decoupled toric codes is
stable in the presence of weak perturbations [30].
We now add an interaction
H1 = −h
∑
〈r,r′〉
σzrr′µ
z
rr′ − t
∑
〈r,r′〉
σxrr′µ
x
rr′ (2)
which couples the two spins on each link of the cubic
lattice. We begin by analyzing the phase diagram of the
Hamiltonian
H = H0 +H1. (3)
The ground-state of (3) will have the same topological
order as a decoupled set of 3L toric codes when t, h 
J . We refer to this as the “decoupled phase” for the
remainder of this work. In addition, however, we will
demonstrate that this Hamiltonian realizes (i) a (3+1)-d
Z2 topological phase and (ii) a fracton topological phase,
along with (iii) a trivial paramagnet which corresponds
to a confined limit of the two topological phases.
A. (3+1)-d Z2 Topological Order from Composite
Charge Condensation
Starting from the decoupled phase, we now increase h,
while keeping J and t fixed, which eventually leads to a
(3 + 1)-dimensional Z2 topological phase. Before demon-
strating this explicitly with the microscopic Hamiltonian
(3), we obtain intuition for this result by studying how
the ground-state wavefunction changes as h is increased.
When acting on the decoupled toric codes, the operator
σzss′µ
z
ss′ creates four electric charge excitations in the or-
thogonal layers that meet at the link connecting sites s
and s′, as shown in Fig. 3. Increasing h leads to the
condensation of this excitation, which we refer to as the
composite electric charge.
Condensing the composite electric charge “glues” the
planar electric charge loops in the wavefunction for the
decoupled toric codes (|Ψdecoupled〉). As shown in Fig.
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FIG. 4. “Gluing” Loops: Condensing the composite charge
excitation has the effect of “gluing” electric charge loops in
adjacent, orthogonal layers. The resulting wavefunction is
that of the 3D Z2 topological phase, as described in Sec. I.
4, adding a composite electric charge has the effect of
“cutting open” two electric charge loops in orthogonal
layers that appear in a loop configuration in the state
|Ψdecoupled〉. This “cut” loop configuration is to be inter-
preted as a single, three-dimensional loop of the emer-
gent electric charge A
(xy)
s A
(yz)
s A
(xz)
s , which remains well-
defined in the condensed phase, and the resulting loop
superposition is precisely the wavefunction for the 3D
Z2 topological phase. As we will soon show, composite
charge condensation also has the effect of binding the 2D
Z2 fluxes into flux loops. In this way, the 3D electric
charge inherits its bosonic self-statistics and pi-mutual
statistics with flux loops from the 2D Z2 phase.
We now derive this result from the microscopic Hamil-
tonian (3). When h  J , t, we let σzrr′µzrr′ = +1 and
define a single spin degree of freedom for every link of
the cubic lattice as
τzrr′ ≡ σzrr′ τxrr′ ≡ σxrr′µxrr′ (4)
In terms of this spin, we obtain an effective Hamiltonian
in perturbation theory
H
(1)
eff = −J˜
∑
r
A˜r − J
∑
p
Bp − t
∑
〈r,r′〉
τxrr′ (5)
where the coupling J˜ ∼ O(J3/h2). Here, the operator
A˜r ≡ A(xy)r A(yz)r A(xz)r =
∏
r′∈star(r)
τxrr′ (6)
is precisely the six-spin operator that measures the Z2
charge in a (3+1)-dimensional Z2 topological phase,
while
Bp ≡
∏
r,r′∈∂p
τzrr′ (7)
is the four-spin operator measuring the flux through pla-
quette p on the cubic lattice. When t = 0, the effec-
tive Hamiltonian H
(1)
eff is precisely that of the 3D toric
code [31]. Furthermore, increasing t eventually leads to
condensation of the Z2 flux loops, resulting in a trivial,
4confined phase. As advertised, the 2D Z2 fluxes are con-
fined, while a bound-state of the Z2 fluxes survives as
a topological excitation, which becomes the flux loop of
the three-dimensional Z2 topological phase. Condensing
a composite excitation has led to the emergence of a new
topological excitation whose mobility is restricted.
B. “X-Cube” Fracton Topological Order from
Composite Flux Loop Condensation
While composite charge condensation leads to three-
dimensional Z2 topological order, condensing a bound-
state of the Z2 fluxes in adjacent layers – a composite
flux loop – yields the so-called “X-cube” fracton topolog-
ical phase, as originally introduced and studied in Ref.
[26] using an exactly solvable, commuting Hamiltonian.
We first review the phenomenology of the X-cube fracton
topological phase before demonstrating that this phase
emerges within our layer construction. A detailed de-
scription of this fracton phase is provided in Ref. [26].
1. Phenomenology of the X-cube Phase
The X-cube phase is a gapped topological phase that
was introduced in Ref. [26], by studying the dual de-
scription of the plaquette Ising model, an interacting spin
system with an extensive set of planar spin-flip symme-
tries; the finite-temperature behavior of this system has
been studied previously [53–56]. While the plaquette
Ising model exhibits only symmetry-breaking or param-
agnetic phases at zero temperature, its dual description is
far more exotic, describing the “confinement” transition
of a fracton topological phase. The solvable Hamilto-
nian for this fracton phase, termed the X-cube model,
due to the geometry of the multi-spin interactions [26],
was shown to have a topological ground-state degeneracy
log2D = 6L− 3 on the length-L three-torus, along with
exotic topological excitations whose mobility is severely
restricted. Since the degenerate ground-states are locally
indistinguishable, this degeneracy is stable to perturba-
tions, so that the X-cube model [26] describes a stable,
gapped phase of matter.
The X-cube phase has two types of gapped, topolog-
ical excitations. The first are point-like, immobile exci-
tations (the “fractons”) which are created by acting on
the ground-state with an operator supported on a flat,
rectangular region. The fracton excitations are created
at the corners of this membrane and may only be cre-
ated in groups of four. No local operator can move a
single fracton without creating other excitations in the
system. While individual fracton excitations are immo-
bile, a pair of fractons are mobile within a plane and
have bosonic self-statistics. In the X-cube fracton phase,
there is a second type of point-like topological excita-
tion, referred to as a “dimension-1 quasiparticle”, which
may only move along straight lines without creating ad-
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FIG. 5. Composite Flux Loop Condensation: The op-
erator σxss′µ
x
ss′ , when acting on the decoupled layers of the
two-dimensional Z2 phase, creates four flux excitations in or-
thogonal planes, as shown. Condensing this composite flux
leads to the “X-cube” fracton topological phase, with fracton
operator Oc as given in the main text, and shown in Fig. 7.
ditional excitations. Pairs of fractons which are mobile
within planes exhibit pi mutual statistics with dim.-1
quasiparticles contained within their plane of motion.
2. Isotropic Layer Construction
To observe the emergence of the X-cube phase in our
layer construction, we start from the decoupled phase of
the Hamiltonian (3) and increase t, while keeping J and h
fixed. Acting with the operator σxrr′µ
x
rr′ on the ground-
state of the decoupled planes of toric codes creates four
Z2 fluxes in orthogonal layers, which form a closed loop
on the dual lattice as shown in Fig. 5a. We refer to this
excitation as a composite flux loop.
The X-cube fracton phase emerges after condensation
of this composite flux loop. When t  J , h, we let
σxrr′µ
x
rr′ = +1 and define an effective spin degree of free-
dom for every link of the cubic lattice as τxrr′ ≡ σxrr′ ,
τzrr′ ≡ σzrr′µzrr′ . We then obtain an effective Hamilto-
nian in perturbation theory as
H
(2)
eff = HX-cube − h
∑
〈r, r′〉
τzrr′ (8)
where
HX-cube = −J
∑
r,j
A(j)r −K
∑
r
Or (9)
with K ∼ O(J6/t5). Here, A(j)r is a four-spin operator
for the spins along the four links emanating from site r
that lie in the jth plane:
A(j)r =
∏
s∈planej(r)
τxrs (10)
while the operator Or, given by
Or ≡ B(xy)r B(yz)r B(xz)r B(yz)r+xˆB(xz)r+yˆB(xy)r+zˆ
=
∏
r,r′∈cube(r)
τzrr′ (11)
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FIG. 6. Loop-Gas Representation: Acting on the X-cube
ground-state with (a) a straight, line-like operator Wz cre-
ates a pair of Z2 flux excitations at the ends. This operator
“cuts” open a closed loop configuration in the fracton ground-
state; alternatively, this operator adds two open strings at its
endpoints, when acting on an empty region. For the indi-
cated loop configuration, acting with (b) a membrane opera-
tor MΣ yields two separated, open strings of composite flux.
An isolated string endpoint cannot be moved on its own, or
else it would be possible to generate a configuration of bro-
ken loops that violate the global constraints explained in Sec.
IIB. These isolated excitations are the immobile fractons.
is precisely the product of the twelve τz spins surrounding
an elementary cube as shown in Fig. 7. The Hamiltonian
HX−cube is precisely the commuting Hamiltonian that de-
scribes the “fixed-point” properties of the X-cube fracton
phase, as introduced in Ref. [26]. The ground-state at
the solvable point satisfies Or |Ψ〉 = A(j)r |Ψ〉 = |Ψ〉 for
all r, j. Excitations may be created by acting with string
or membrane operators to violate these constraints. The
operators Or and A(j)r measure the Z2 “charge” of the
fracton and dimension-1 excitations (i.e. the presence or
absence of an excitation), respectively.
3. Loop Gas Wavefunction, Excitations and Degeneracy
Our layer construction provides insight into the origin
of the exotic topological excitations and sub-extensive
ground-state degeneracy of the X-cube phase. First, the
ground-state wavefunction of the X-cube fracton phase
may be written as a superposition of composite flux loop
excitations of the layered 2D toric codes; heuristically
|ΨX−cube〉 ∼
∑
C
|C〉 (12)
with C, a configuration of loops on the dual lattice. Ex-
citations may be obtained at the end-points of “broken”
composite flux loops. We note, however, that while any
closed loop configuration is permissible in the ground-
state, the manner in which these loops may be broken
is highly constrained. First, a composite flux loop that
has broken at a single point is precisely a 2D Z2 flux
excitation of the underlying toric codes. Since these ex-
citations must appear in pairs, the composite flux loops
can only be broken at pairs of points along xy, yz or xz
planes. As an example, acting on the ground-state with
Wz =
∏
r,r′ τ
x
rr′ , a string operator along a line in the
z-direction, has the effect of cutting composite flux loops
at two points, as shown in Fig. 6a, and the resulting pair
of 2D Z2 fluxes may move within a plane. This operator
creates the mobile anyon excitations in the X-cube phase,
which clearly inherit their “topological” properties (i.e.
self-statistics and mutual statistics with the dimension-1
quasiparticle), from the 2D Z2 fluxes in the toric code.
An isolated string endpoint is precisely the fracton ex-
citation of the X-cube model, and may be obtained by
spatially separating the broken endpoints of composite
flux loops. An isolated string endpoint cannot be moved
on its own without creating additional excitations, for
if such an endpoint were mobile, then it would be pos-
sible to smoothly deform a configuration of open strings
into one which violates the previously-derived constraint.
The immobile, isolated endpoints then describe the frac-
ton excitations of the X-cube phase. In practice, act-
ing on the ground-state with a flat membrane operator
MΣ =
∏
r,r′∈Σ τ
x
rr′ will localize these excitations at the
corners of Σ, as shown in Fig. 6b. In the decoupled toric
codes, this operator creates a sequence of 2D Z2 fluxes
in parallel layers. After condensing the composite flux
loops, however, only the ends of this layered excitation
carry an energy cost, since the bulk of this excitation is
locally indistinguishable from a composite flux loop.
The topological degeneracy of the X-cube fracton topo-
logical phase – which was previously obtained [26] by
counting independent constraints on the operators Or,
A
(j)
r on the three-torus using an algebraic representation
of the solvable Hamiltonian [21, 22] – may now be un-
derstood by counting the number of topological sectors
of the decoupled, two-dimensional toric codes that are
made equivalent after condensation of the composite flux
loop. A more extensive discussion of this counting is pre-
sented in the Supplemental Material [63].
C. ZN X-cube Topological Phase
The spirit of our proposal motivates the construction
of new, three-dimensional topological orders, by appro-
priately condensing “loop” objects in an array of two-
dimensional topological phases. An extended discussion
of new topological phases that may be built in this man-
ner is the subject of forthcoming work [62]. Here, we
discuss the simplest generalization of our construction,
involving an array of two-dimensional ZN toric codes [14]
in the same configuration as shown in Fig. 1, which gives
rise to a ZN generalization of the X-cube model. After
arranging the ZN toric codes in a three-dimensional ar-
ray, each link of the three-dimensional cubic lattice now
has two ZN qudit degrees of freedom, denoted Xrr′ , Zrr′
and X˜rr′ , Z˜rr′ respectively, and satisfying the algebra
XZ = ωZX, X˜Z˜ = ωZ˜X˜ with ω = e2pii/N . We now
6A(yz) ⇠ X†qXpXsX†r
Z
Z
Z
Z
Z
Z
Z†
Z†
Z†
Z†
Z†
Z†
Oc ⇠
p
q
r
s u
v
X†qXuXsX
†
vA
(xy) ⇠
X†pXuXrX
†
vA
(xz) ⇠
Z
Z
Z
Z
Z
Z
Z†
Z†
Z†
Z†
Z†
Z†
Oc ⇠
p
q
r
s u
v
X†qXuXsX
†
vA
(xy) ⇠
X†qXrXsX
†
tA
(yz) ⇠
X†pXuXrX
†
vA
(xz) ⇠
FIG. 7. The ZN X-cube Model: Shown are the commuting
operators that appear in the solvable Hamiltonian for the ZN
X-cube model H = −K∑c(Oc +O†c)− J∑r,j(A(j)r +A(j)†r ).
The Z2 case discussed in Sec. IB, is obtained by replacing Z,
Z† → τz and X, X† → τx.
consider the Hamiltonian
H ′ = H ′0 +H
′
1 (13)
where H0 describes the de-coupled layers of ZN toric
codes
H ′0 = −J
∑
r
∑
j=xy,yz,xz
[
A(j)r +B
(j)
r
]
+ h.c. (14)
with A
(j)
r and B
(j)
r the ZN charge and flux operators at
site r, for the toric code oriented along plane j, respec-
tively. The layers are coupled through the interactions
H ′1 =− h
∑
〈r,r′〉
[
Z†rr′Z˜rr′ + h.c.
]
(15)
− t
∑
〈r,r′〉
[
Xrr′X˜rr′ + h.c.
]
Following our previous analysis, we consider the limit
h  J , t, where we find that the ground-state exhibits
3D ZN topological order. In this limit, we may identify
a single ZN degree of freedom on each link of the cubic
lattice (with logical operators X, Z), and obtain the
effective Hamiltonian H ′toric − t
∑
rr′ [Xrr′ + h.c.] where
H ′toric is now the 3D ZN toric code Hamiltonian [61].
Alternatively, when t J , h so that we have condensed
the “ZN composite flux loop”, we obtain the effective
Hamiltonian
H ′eff = HX-cubeN − h
∑
〈r, r′〉
[
Zrr′ +Z
†
rr′
]
(16)
where
HX-cubeN = −K
∑
c
[Oc +O†c ]− J
∑
r, j
[A(j)r + (A
(j)
r )
†]
(17)
is the solvable Hamiltonian for the ZN generalization of
the X-cube model. The microscopic form of the operators
Oc and A(j)r are explicitly given in Fig. 7.
Since the operators Oc and A(j)r commute, the ground-
state of (17) again satisfies Oc |Ψ〉 = A(j)r |Ψ〉 = |Ψ〉,
and gapped excited states may be created by acting with
straight Wilson line or flat membrane operators, in a
straightforward generalization of the operators in the Z2
X-cube model. Now however, the dimension-1 quasipar-
ticles and fracton excitations carry a ZN electric and
magnetic charge, respectively, which is inherited from
the underlying 2D ZN toric codes. As a result, a pair
of fractons which are mobile in a plane have bosonic self-
statistics, but non-trivial mutual statistics eiθpq with a
dimension-1 quasiparticle of charge q ∈ {1, . . . , N − 1}
in its plane of motion. Here, the statistical angle θpq =
2pipq/N , where p is the magnetic charge carried by the
fracton excitation.
II. PHASE DIAGRAM
We now turn to a discussion of the rich phase diagram
of the coupled ZN toric codes, as described by the Hamil-
tonian (13). Our results are summarized in the diagrams
shown in Fig. 8a and b when N < 5 and N ≥ 5, re-
spectively. Both figures include the four distinct phases
discussed previously, i.e.
I. J  h, t: Decoupled 2D ZN Topological Phase
II. h J , t: 3D ZN Topological Phase
III. t J , h: ZN X-Cube Fracton Phase
IV. h, t J : Trivial, Confined Phase
The remaining details in the phase diagram arise from an
interesting duality between the Hamiltonian (13) when
h = 0, and the 3D ZN toric code in the presence of a field;
increasing the strength of this field eventually leads to
condensation of the ZN flux loops and results in a trivial,
confined phase. From this duality, and from knowledge
of the phase structure of ZN lattice gauge theory, we
deduce that when N < 5, the ZN X-cube model has a
direct, first-order transition to a phase where the layers
are effectively decoupled. When N ≥ 5, however, there is
an intermediate phase which is dual to a Coulomb phase
that is known to appear in the phase diagram of (3+1)-
d ZN lattice gauge theory [40, 41], along the line h =
0. We argue, however, that this phase is gapped and
topologically trivial when h > 0. Interestingly, one of
the transitions out of the gapless phase is believed to be
continuous in numerical studies [43, 44], which presents
the intriguing possibility that there exists a continuum
field theory description for the ZN X-cube phase.
Several features of the phase diagrams in Fig. 8, in-
cluding the manner in which these phases meet at the
center of the phase diagram, as well as the generic be-
havior of the transitions between the ZN X-cube and
trivial confined phases, are unknown. We conclude by
presenting a solvable projector model in which the tran-
sition is believed to be first-order, and by speculating on
directions for future work.
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FIG. 8. Schematic Phase Diagram of the Coupled System: The duality derived in Sec. II relates the points (x, y) =
(t/J, 0) with (J/t, 1) that lie along the black and blue arrows, respectively, in the schematic phase diagrams above. From
knowledge of the phase diagram of (3+1)-d ZN lattice gauge theory, we argue that when N < 5, there is a direct, first-order
transition between the X-cube phase and the decoupled phase. Alternatively, when N ≥ 5, there must be an intermediate
phase along the line h = 0 which is dual to a Coulomb phase that appears in the phase diagram of the (3+1)-d ZN lattice
gauge system. We argue that this phase is unstable [50] and becomes a gapped, topologically trivial phase when h > 0. From
Monte Carlo studies of the transition along the blue arrow, between the deconfined phase of ZN gauge theory and the Coulomb
phase [43], we believe that the dual transition along the h = 0 line, into the fracton topological phase in (b), is continuous.
A. Confinement Transition from the ZN
Topological Phase
We begin from the top left corner of the phase dia-
gram (h  J , t), where our system is in a 3D ZN topo-
logical phase. Increasing the strength of the coupling
t eventually leads to a condensation of ZN flux loops,
and the associated phase transition is captured by the
finite-temperature behavior of the 4D classical ZN lattice
gauge theory with a “Wilsonian” imaginary time action
SW [θ] = βK˜
∑
p cos[(∆ × θ)p], where θ is a ZN variable
defined on the links of the 4D cubic lattice, while (∆×θ)p
is the lattice curl around plaquette p, and the sum is over
all plaquettes on the 4D lattice.
When N < 5, classical Monte Carlo studies [43, 44]
have observed a direct, first-order phase transition be-
tween a disordered phase where the magnetic flux loops
have condensed at high temperatures, to one where they
remain energetically costly, with the expectation value of
classical Wilson loop operators decaying as the exponen-
tial of the area of an enclosed region (“area-law”) and as
their total length (“perimeter-law”), respectively, in the
two phases. In our problem, these two phases correspond
to a trivial loop condensate and a phase with ZN topo-
logical order, respectively, as indicated in the top portion
of the phase diagram in Fig. 8a.
When N is large (N ≥ 5), three phases are observed in
Monte Carlo studies of the classical 4D ZN lattice gauge
theory [42–44]. This rich phase structure may be un-
derstood in a variety of ways. To begin, we recall that a
similar phenomenon occurs in 2D classical, Zk-symmetric
spin models when k is sufficiently large. In addition to
a low-temperature symmetry-breaking phase and a dis-
ordered phase at high temperatures, there is an inter-
mediate phase with algebraic correlations that resembles
the low-temperature behavior of the XY model. The ex-
istence of this XY-like phase with an emergent global
U(1) symmetry may be motivated by recalling that in
the classical 2D XY model, Zk anisotropy is a marginally
irrelevant perturbation when k ≥ 4 [37]. A more rigorous
argument for the existence of this phase, even when the
anisotropy is infinitely strong, is provided in Ref. [40].
A similar argument may be used for the presence of an
intermediate phase with emergent U(1) gauge symmetry
in the phase diagram of 4D ZN lattice gauge theory in the
large-N limit [40–42]. Ref. [41] studied a Villain form of
the 4D ZN gauge theory, which exhibits a discrete ana-
log of the electric-magnetic self-duality of compact U(1)
gauge theory [39], and whose action may be re-written as
that of Maxwell electrodynamics in the presence of both
electric and magnetic charges. While the action exhibits
only a ZN gauge symmetry, it was argued that both the
electric and magnetic excitations are strongly suppressed
near the self-dual point in the large-N limit, so that the
effective action is that of pure Maxwell electromagnetism.
As a result, whenN ≥ 5, there is a “Coulomb phase” that
is encountered in the top region of the phase diagram in
Fig. 8b, with the ZN variable θ effectively behaving as
the emergent U(1) gauge field.
These three phases may be distinguished by the be-
havior of the gauge-invariant Wilson loop operator WC ,
which creates a closed tube of electric flux, along with its
8(electric-magnetic) dual ΓC˜ , which is a membrane-like
operator that creates a closed magnetic flux loop along
loop C˜ on the dual lattice. In the deconfined phase of
the ZN gauge theory, a large Wilson loop WC exhibits
perimeter-law behavior while ΓC˜ has area-law behav-
ior, while the opposite behavior occurs in the confined
phase. In the intermediate phase, however, both charge
and loop excitations are suppressed [41] and neither ex-
citation has condensed. As a result, the Wilson loop
operator WC must exhibit perimeter-law behavior [41].
Since this phase is self-dual under the electric-magnetic
duality transformation, the same behavior holds for ΓC˜ .
As argued in Ref. [38], due to the non-trivial statistics
of ZN charges and flux loops, perimeter-law behavior for
both operators can only occur in the presence of a gap-
less gauge field, which is consistent with the emergence
of a Coulomb phase.
It remains unclear whether the transition between the
Coulomb and confined phases is continuous [45, 46] or
weakly first-order [47, 48]. However, the transition be-
tween the deconfined phase of the ZN gauge theory and
the Coulomb phase appears continuous in Monte Carlo
studies [42–44]. Finally, as N increases, the region of
stability for the ZN topological phase shrinks, while the
second transition from the Coulomb phase to the con-
fined phase remains robust [43]. This is consistent with
the expectation that the limit “N → +∞”, should some-
how reproduce the phase diagram of the pure (3+1)-d
compact U(1) gauge theory.
B. Transition(s) from the decoupled phase to the
ZN X-cube phase
We now study the bottom half of the phase diagrams
shown in Fig. 8a & b. We first demonstrate that the tran-
sition from the decoupled layers of 2D toric codes to the
X-cube fracton phase is dual to the confinement transi-
tion for the (3+1)-d ZN gauge theory, which is driven by
the condensation of flux loops. This result is intuitively
apparent from our “loop-gas” representation of the X-
cube phase, which suggests that the transition from the
decoupled layers must be driven by the condensation of
a loop excitation. Physically, our duality transformation
maps the closed composite flux loops in the ground-state
of the X-cube phase into the closed electric flux loops
in the ground-state of the ZN topological phase. We
emphasize that this duality relates the bulk spectrum of
two seemingly distinct physical systems, and provides re-
lations between certain local operators on both sides.
We begin by explicitly implementing our lattice dual-
ity transformation on the Hamiltonian for the coupled
Z2 toric codes (3) when h = 0, before discussing its con-
sequences. In practice, our transformation is identical to
the (2+1)-d Wegner duality that maps the transverse-
field Ising model to the (2+1)-d Z2 gauge theory [1], in
each layer of our coupled system; as a result, the gener-
alization of this duality for the ZN case is apparent from
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FIG. 9. Bond-Plaquette Duality: We provide a dual rep-
resentation of the Hamiltonian (3) by introducing spins (η)
on the links of the dual cubic lattice, which measure the
flux through an elementary plaquette in the decoupled lay-
ers. This dual representation allows us to demonstrate that
the transition from the decoupled layers to the ZN X-cube
phase is dual to a confinement transition in ZN gauge theory.
our following discussion. Recall that the Hamiltonian (3)
for the coupled toric codes when h = 0 is given by
H = −J
∑
r, j
[
A(j)r +B
(j)
r
]
− t
∑
〈r,r′〉
σxrr′µ
x
rr′ (18)
We recognize that the 2D Z2 charge operator A
(j)
r and the
operatorOr = B(xy)r B(yz)r B(xz)r B(yz)r+xˆB(xz)r+yˆB(xy)r+zˆ , which is
the product of six flux operators around an elementary
cube, as in Eq. (11), commute with the Hamiltonian (18)
and with each other [Or, A(j)r′ ] = [A(j)r , H] = [Or, H] = 0.
Therefore, we work in a restricted Hilbert space where
A(j)r |Ψ〉 = |Ψ〉 and Or |Ψ〉 = |Ψ〉 (19)
without loss of generality.
We now introduce a dual description of the transition
from the decoupled theory (t  J) to the X-cube phase
(J  t) that solves the first of these constraints, by in-
troducing spins (η) on the links of the dual cubic lattice.
These spins are to be interpreted as measuring the flux
through a plaquette in the decoupled toric code layers.
We implement the dual representation by performing the
replacements
B(j)r −→ ηxr,j (20)
σxrsµ
x
rs −→ Brs ≡
∏
r′,j∈plaqrs
ηzr′,j (21)
where Brs is a four-spin operator on a plaquette of the
dual lattice pierced by the link 〈r, s〉 as shown in Fig. 9.
The duality transformation preserves the algebra of lo-
cal operators in (18), and naturally solves the constraint
A
(j)
r |Ψ〉 = |Ψ〉. Furthermore, the dual description of the
operator Or is given by
Or −→ Ar =
∏
s,j∈starr
ηxs,j (22)
where Ar is precisely the six-spin Z2 charge operator
which acts along a “star” configuration of the η spins at
9each site of the dual cubic lattice. We therefore find that
the dual Hamiltonian is precisely
Hdual = −J
∑
r,j
ηxr,j − t
∑
〈r,r′〉
Brr′ (23)
supplemented by the Z2 Gauss’s law constraint on the
dual cubic lattice
Ar |Ψ〉 = |Ψ〉 (24)
which describes the confinement transition for a 3D Z2
topological phase driven by the condensation of flux
loops. As advertised, the lattice duality relates the Z2 X-
cube phase to the deconfined phase of (3+1)-d Z2 gauge
theory, while the decoupled toric code layers are dual to
the trivial, confined phase.
Our duality transformation establishes that the bulk
transition from the decoupled toric codes to the X-cube
fracton phase is dual to flux loop condensation in the 3D
Z2 gauge theory, which is known to be a direct, first-order
transition. The natural ZN generalization of this dual-
ity transformation leads us to conclude that along the
h = 0 line of the phase diagram (i) when N < 5, there
is a direct, first-order transition between the decoupled
layers and the X-cube phase and (ii) when N ≥ 5, there
is an intermediate gapless phase for the layered system,
which is dual to the Coulomb phase that emerges in the
phase diagram of the (3+1)-d ZN gauge theory. From
our duality transformation, it appears that this gapless
“dual Coulomb” phase along the h = 0 line of the phase
diagram is characterized by an emergent U(1) gauge sym-
metry, which should be generated by the natural gener-
alization of the Gauss’s law condition Or = +1 for the
X-cube fracton phase. The U(1) generalization of this
condition may be read off from Fig. 7; if we consider
an integer-valued “electric field” tensor Eij with vanish-
ing diagonal components Eii = 0, and a conjugate gauge
field Aij , then this Gauss’s law takes the simple form
∆i∆jEij = 0 (25)
with ∆i, the lattice derivative along direction i, and sum-
mation performed over repeated indices.
The “higher-rank” compact U(1) gauge theory [28, 49]
defined by this Gauss’s law condition is equivalent to a
generalized dimer model studied in Ref. [50], which was
shown to be in a gapped phase with crystalline order due
to the proliferation of topological defects in the gauge
field configurations (i.e. “monopole” events). Due to this
result, we believe that the dual Coulomb phase is unsta-
ble, and gives way to a gapped, topologically trivial phase
with conventional long-range order when h > 0. The
h = 0 line then corresponds to the fine-tuned limit where
monopole events in the gauge field are suppressed. This
conclusion is consistent with the fact that the perturba-
tion σzrr′µ
z
rr′ corresponds to a highly non-local operator
in terms of the dual η spins, and with our expectation for
the behavior of the phase diagram in the N → +∞ limit.
The nature of the transitions between this trivial phase,
the X-cube phase and the decoupled layers are unknown
when h > 0. When h = 0, however, our duality mapping
suggests that the phase transition from the X-cube phase
to the dual Coulomb phase is dual to the transition be-
tween the deconfined phase of (3+1)-d ZN gauge theory
and the ordinary Coulomb phase, which may be contin-
uous [42, 43], though we are unaware of the continuum
field theory that governs the properties of this transition.
We conclude this section by identifying the following
order parameters
WΣ ≡
∏
〈r, s〉∈Σ
XrsX˜rs ΓΣ ≡
∏
(p,j)∈Σ
B(j)p (26)
that distinguish the X-cube phase, the decoupled phase
and the dual Coulomb phase along the line h = 0. Here,
Σ is a two-dimensional region with areaAΣ and perimeter
PΣ. The product appearing in the definition of WΣ is
taken along the bonds perpendicular to the region Σ, and
this operator may be thought of as inserting a composite
flux loop along the boundary of Σ. Furthermore, ΓΣ
is the product of the plaquette operators that measure
the 2D ZN flux through the region Σ. Our notation is
meant to emphasize that these operators are dual to the
Wilson loop and membrane operators that distinguish
the various phases of the ZN gauge theory. From our
discussion in Sec. IIA, we determine that the operators
WΣ, ΓΣ exhibit the following behavior along the h = 0
line, when the region Σ is sufficiently large:
• Decoupled Phase: 〈WΣ〉 ∼ e−σAΣ , 〈ΓΣ〉 ∼ e−cPΣ
• Dual Coulomb Phase: 〈WΣ〉, 〈ΓΣ〉 ∼ e−cPΣ
• X-cube Phase: 〈WΣ〉 ∼ e−cPΣ , 〈ΓΣ〉 ∼ e−σAΣ
C. Confinement of the X-cube fracton phase
The generic behavior of the confinement transition for
the ZN X-cube fracton topological phase – by condens-
ing the dimension-1 quasiparticle excitations – are not
known. This transition occurs in the far right region of
the phase diagrams in Fig. 8. Instead of studying this
transition directly, however, we propose a solvable Hamil-
tonian that interpolates between the Z2 X-cube fracton
topological order and a confined phase in this section and
determine that the transition is first-order within this
model. It is unknown whether this captures the generic
behavior of this transition, outside of the solvable model.
We construct a solvable projector model by placing
spins (τ) on the links of a three-dimensional cubic lattice.
Now, however, we consider the Hamiltonian
H = −J
∑
r,j
A(j)r + J
∑
r,j
 ∏
s∈planej(r)
e−hτ
z
rs/J
 (27)
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supplemented by the constraint
Or |Ψ〉 = |Ψ〉 . (28)
where A
(j)
r =
∏
s∈planej(r) τ
x
rs is the four-spin operator
in the X-cube model that is oriented in the jth plane,
and measures the presence of a dimension-1 quasiparticle
excitation at site r. As before, the operator Or is the
12-spin τz operator as defined in Eq. (11) that measures
the fracton “charge” at a cube Or =
∏
s, r′∈cube(r) τ
z
r′s.
We observe that the Hamiltonian H exhibits both the
Z2 X-cube fracton phase (h  J) as well as a trivial
confined phase (h  J). Furthermore, when h  J ,
the Hamiltonian H reduces to the effective Hamiltonian
considered previously for the confinement transition of
the X-cube phase
Heff = −J
∑
r,j
A(j)r − 2h
∑
〈r, r′〉
τzrr′ +O(h
2/J) (29)
The full Hamiltonian H (27) is a sum of projection op-
erators Πr,j ≡ −A(j)r +
∏
s∈planej(r) e
−hτxrs/J and there-
fore has a positive semi-definite spectrum. As a result,
a ground-state of the Hamiltonian is found by explic-
itly constructing a zero-energy wavefunction. Projec-
tor Hamiltonians similar to (27) have been extensively
studied by considering generalizations of the Rokhsar-
Kivelson (RK) point in the two-dimensional quantum
dimer model [32–36], where the ground-state may be
written as an equal-amplitude superposition of dimer
configurations. For these generalized RK models, the
Hamiltonian is related to the Markovian transition ma-
trix for a classical system which satisfies detailed balance
[34]. Spatial correlation functions of certain “diagonal”
operators in the ground-state of the quantum model are
identical to classical correlation functions in equilibrium.
Let |ψfracton〉 be a ground-state of the Hamiltonian H
when h = 0, i.e. one of the ground-states of the solvable
X-cube fracton Hamiltonian. We may write |ψfracton〉
explicitly as
|ψfracton〉 =
∏
r,j
(
1 +A
(j)
r
2
)
|τzss′ = +1〉 (30)
where |τzss′ = +1〉 is the state with all spins polarized in
the z-direction. The ground-state of H is then given by
|Ψgs〉 ∼
∏
〈r, s〉
ehτ
z
rs/2J |ψfracton〉 (31)
It is straightforward to check that |Ψgs〉 is indeed a zero-
energy eigenstate of the Hamiltonian, as it is annihilated
by all of the projectors Πr,j .
It is convenient to re-cast the ground-state wavefunc-
tion in an alternate form. Observe that configuration of
spins appearing in the state |ψfracton〉 may equivalently
be specified by the action of the A
(j)
r operators on the
reference state |τzss′ = +1〉. As a result, the ground-state
wavefunction |Ψgs〉 may be re-written in terms of dual
Ising variables µ, σ at the sites of a three-dimensional
cubic lattice, which label the presence or absence of a
particular operator A
(j)
r acting on the reference config-
uration. In this dual representation, the ground-state
takes the form
|Ψgs〉 = 1√Z
∑
{σ}
∑
{µ}
e−βH/2 |{σ}, {µ}〉 (32)
where the classical Hamiltonian βH is given by
βH =
h
J
∑
r
[σrσr+xˆ + µrµr+yˆ + σrµrσr+zˆµr+zˆ] (33)
and Z is the partition function Z = ∑{σ}∑{µ} e−βH for
this classical model.
Preliminary Monte Carlo studies of the classical Hamil-
tonian βH reveal a first-order phase transition when
h/J ≈ 1.13 [51, 52], which implies the presence of a
first-order phase transition in our model. For exam-
ple, the expectation value of the magnetization M =∑
〈r,r′〉 τ
z
rr′ is precisely the energy of the classical system
E = 〈Ψ |M |Ψ〉, which exhibits a discontinuity at the
putative phase transition point [51, 52]. Classical corre-
lation functions that are not invariant under the Z2 trans-
formation σ → −σ, µ→ −µ along any plane of the cubic
lattice must vanish, as this is a symmetry of the classi-
cal Hamiltonian (33). To our knowledge, however, the
behavior of higher-point correlation functions near the
classical phase transition have not yet been studied. An
intriguing possibility is that the dynamical behavior of
this classical system is “glassy” in a certain range of cou-
plings h/J [51, 52], which would imply in the quantum-
mechanical problem that the Hamiltonian H has a gap-
less spectrum, and that certain correlation functions ex-
hibit power-law decay in time [34, 35], while remaining
spatially short-ranged. We leave an exploration of this
exotic possibility to future work.
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Appendix A
In the Appendix, we discuss the topological degeneracy
of the ZN X-cube models on the three-torus. We begin
by elaborating on the degeneracy of the X-cube phase
introduced in Ref. [24], as understood from our isotropic
layer construction.
The topological degeneracy of the X-cube fracton topo-
logical phase – which was previously obtained [26] by
counting independent constraints on the operators Or,
A
(j)
r on the three-torus using an algebraic representa-
FIG. 10. 2D ZN Charge and Flux Operators: Show are
the star As and plaquette Bp operators that measure the ZN
charge and flux, respectively, in the 2D ZN toric code.
tion of the solvable Hamiltonian [22] – may also be
understood by counting the number of topological sec-
tors of the decoupled, two-dimensional toric codes that
are made equivalent after condensation of the compos-
ite flux. A more extensive discussion of this counting,
is presented in the Supplemental Material [63]. For
example, the vacuum sector of the completely decou-
pled theory is equivalent, after flux loop condensation,
to the topological sector where a single Wilson line –
which creates two-dimensional Z2 flux excitations at its
ends – wraps around all of the xy planes in the x-
direction W
(xy)
x and all of the yz planes in the z-direction
W
(yz)
z . We label this topological sector of the decou-
pled toric codes as W
(xy)
x W
(yz)
z , which is now equiva-
lent to the vacuum sector after composite flux conden-
sation. By cyclically permuting the x, y and z indices
and by taking products of the Wilson line operators,
we obtain seven additional topological sectors of the de-
coupled theory that are equivalent to the vacuum sec-
tor in the flux condensed phase [we may explicitly enu-
merate these sectors, adopting the previous notation,
as W
(yz)
y W
(xz)
x , W
(xz)
z W
(xy)
y , W
(xy)
x W
(yz)
z W
(yz)
y W
(xz)
x ,
W
(xy)
x W
(yz)
z W
(xz)
z W
(xy)
y , W
(yz)
y W
(xz)
x W
(xz)
z W
(xy)
y , and
W
(xy)
x W
(yz)
z W
(yz)
y W
(xz)
x W
(xz)
z W
(xy)
y ]. Since eight topo-
logical sectors of the decoupled theory are identified af-
ter condensation, we are led to conclude that on an
Lx × Ly × Lz three-torus, the X-cube fracton phase has
topological degeneracy D = 4Lx+Ly+Lz/8 or log2D =
2(Lx + Ly + Lz) − 3 which reduces to the previously
known degeneracy on the length-L three-torus when L
is odd [26].
We may also compute the topological degeneracy of the
Zp generalization of the X-cube phase, which we have in-
troduced in the main text, when p is prime. This fracton
phase is constructed in the main text by coupling to-
gether copies of the Zp toric code, whose charge and flux
operators are shown in Fig. 10.
For the Zp generalization of the X-cube phase, we find
that the degeneracy on the length-L three-torus is given
by logpD = 6L − 3 when L = pn − 1, through an ex-
tension of the arguments presented in Ref. [24]. First,
the algebraic representation [21, 22] of the ZN general-
ization of the X-cube model is described by a stabilizer
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map S = Sx ⊕ Sz where
Sx =
 −1 + x¯ 1− x¯ 01− y¯ 0 1− y¯
0 −1 + z¯ −1 + z¯
 (A1)
and
Sz =
 −(1− z)(1− y)−(1− x)(1− z)
−(1− y)(1− x)
 . (A2)
Here, x¯ ≡ x−1, y¯ ≡ y−1, z¯ ≡ z−1, and the polynomi-
als shown are elements of the Laurent polynomial ring
Fp[x, x¯, y, y¯, z, z¯] over the field Fp with prime p. Let R be
the quotient ring R ≡ Fp[x, y, z]/〈xL− 1, yL− 1, zL− 1〉.
The degeneracy of the Zp X-cube model on the length-
L three-torus is given by logpD = kx + kz where the
quantities kx and kz are given by
kx = dimFp
[
R
〈(1− z)(1− y), (1− x)(1− z), (1− y)(1− x)〉
]
and
kz = dimFp
 R2( −1 + x 1− y 0
1− x 0 −1 + z
)

In the second expression, we have taken advantage of
the fact that only two of the columns of Sx are linearly in-
dependent. Both quantities kx and kz may be evaluated
in the algebraic closure of Fp, which we denote F, when
the length L = pn−1, so that xL−1 has L distinct roots.
In this case, we determine kx = 3L−2 by localizing at the
maximal ideal 〈x−t, y−1, z−1〉, where t 6= 1 is a root of
xL−1. Similarly, kz is determined from the fact that the
second determinantal ideal of
( −1 + x 1− y 0
1− x 0 −1 + z
)
is precisely 〈(1−z)(1−y), (1−x)(1−z), (1−y)(1−x)〉. As
a result, localizing again at the maximal ideal 〈x− t, y−
1, z−1〉 yields kz = 3L−1. This yields the desired result
for the topological degeneracy of the Zp generalization of
the X-cube model on a three-torus of length L = pn − 1.
